We provide a model-independent framework for the analysis of the radiative B-meson decays B → K * γ and B → ργ. In particular, we give a systematic discussion of the various contributions to these exclusive processes based on the heavy-quark limit of QCD. We propose a novel factorization formula for the consistent treatment of B → V γ matrix elements involving charm (or up-quark) loops, which contribute at leading power in Λ QCD /m B to the decay amplitude. Annihilation topologies are shown to be power suppressed. In some cases they are nevertheless calculable. The approach is similar to the framework of QCD factorization that has recently been formulated for two-body non-leptonic B decays. These results allow us, for the first time, to compute exclusive b → s(d)γ decays systematically beyond the leading logarithmic approximation. We present results for these decays complete to next-to-leading order in QCD and to leading order in the heavy-quark limit. Phenomenological implications for various observables of interest are discussed, including direct CP violation, and isospin and U-spin breaking effects.
Introduction
The radiative transitions b → sγ, b → dγ are among the most valuable probes of flavour physics. Proceeding at rates of order G 2 F α, they are systematically enhanced over other loop-induced, non-radiative rare decays, which are proportional to G 2 F α 2 . In fact, the Cabibbo-favoured b → sγ modes belong to the small number of rare decays that are experimentally accessible already at present. The inclusive branching fraction has been measured to be B(B → X s γ) = (2.96 ± 0.35) · 10 −4 (1) combining the results of [1, 2, 3] . The branching ratios for the exclusive channels have been determined by CLEO [4] , and more recently also by BABAR [5] and BELLE [2] : 
On the theoretical side, the flavour-changing neutral current (FCNC) reactions b → s(d)γ are characterized by their high sensitivity to New Physics and by the particularly large impact of short-distance QCD corrections [6, 7, 8, 9] . Considerable efforts have therefore been devoted to achieve a full calculation of the inclusive decay b → sγ at next-to-leading order (NLO) in renormalization group (RG) improved perturbation theory [10, 11, 12] (see [13] for recent reviews). Whereas the inclusive mode can be computed perturbatively, using the fact that the b-quark mass is large and employing the heavy-quark expansion, the treatment of the exclusive channel B → K * γ is in general more complicated. In this case bound state effects are essential and need to be described by nonperturbative hadronic quantities (form factors). The basic mechanisms at next-toleading order were already discussed previously for the B → V γ amplitudes [14] . However, hadronic models were used to evaluate the various contributions, which did not allow a clear separation of short-and long-distance dynamics and a clean distinction of model-dependent and model-independent features.
In this paper we present a systematic analysis of the exclusive radiative decays B → V γ (V = K * , ρ) in QCD, based on the heavy quark limit m b ≫ Λ QCD . We shall establish factorization formulas for the evaluation of the relevant hadronic matrix elements of local operators in the weak Hamiltonian. Factorization holds in QCD to leading power in the heavy quark limit. This result relies on arguments similar to those used previously to demonstrate QCD factorization for hadronic two-body modes of the type B → ππ [15, 16] .
This framework will allow us to separate perturbatively calculable contributions from the nonperturbative form factors and universal meson light-cone distribution amplitudes (LCDA) in a systematic way. This includes the treatment of loop effects from light quarks, in particular up and charm. Such loop effects are straightforwardly included for the inclusive decays b → s(d)γ. For the exclusive modes, however, the effects from virtual charm and up quarks have so far been considered to be uncalculable "long-distance" contributions and have never been treated in a model independent fashion.
Finally, power counting in Λ QCD /m b implies a hierarchy among the possible mechanisms for B → V γ transitions. This allows us to identify leading and subleading contributions. For example, weak annihilation contributes only at subleading power in the heavy quark limit.
Within this approach, higher order QCD corrections can be consistently taken into account. We give the B → V γ decay amplitudes at next-to-leading order (NLO). After including NLO corrections the largest uncertainties still come from the B → V form factors, which are at present known only with limited precision (∼ ±15%), mostly from QCD sum rule calculations [17] . The situation should improve in the future with the help of both lattice QCD [18] and analytical methods based on the heavy-quark and large-energy limits [19, 20, 21] .
Despite the more complicated theoretical situation of the exclusive channels in comparison to the inclusive decays, the goal of obtaining a better understanding of the exclusive modes is very well motivated. This is because the exclusive decays are easier to investigate experimentally, especially in the difficult environment of hadron machines as the Fermilab Tevatron or the LHC at CERN. In any case the systematic uncertainties, both experimental and theoretical, are very different for B → V γ and b → s(d)γ. A careful study of the exclusive modes can therefore yield valuable complementary information in testing the Standard Model.
The remainder of this paper is organized as follows. In section 2 we collect basic expressions and present the structure of the QCD factorization formulas for B → V γ matrix elements in general terms. Sections 3 and 4 give a detailed discussion of B → K * γ and B → ργ, respectively. Phenomenological applications are studied in section 5. Finally, section 6 contains our conclusions.
Basic Formulas
The effective Hamiltonian for b → sγ transitions reads
where λ
The operators are given by
The most important operators are Q p 1,2 and the magnetic penguin operator Q 7 . Note that in our notation the numbering of Q p 1,2 is reversed with respect to the convention of [22] , i.e. C 
With these definitions the coefficients C 7,8 are negative in the Standard Model, which is the choice generally adopted in the literature. The effective Hamiltonian for b → dγ is obtained from (4-13) by the replacement s → d. The Wilson coefficients C i in (4) are known at next-to-leading order [12] .
The most difficult step in computing the decay amplitudes is the evaluation of the hadronic matrix elements of the operators in (4) . A systematic treatment can be given in the heavy-quark limit. We will argue that in this case the following factorization formula is valid
where ǫ is the photon polarization 4-vector. Here F B→V is a B → V transition form factor, and Φ B , Φ V are leading twist light-cone distribution amplitudes of the B meson and the vector meson V , respectively. These quantities are universal, nonperturbative objects. They describe the long-distance dynamics of the matrix elements, which is factorized from the perturbative, short-distance interactions expressed in the hard-scattering kernels T For Q 7 the factorization formula (14) is trivial. The matrix element is simply expressed in terms of the standard form factor, T I 7 is a purely kinematical function and the spectator term T II 7 is absent. An illustration is given in Fig. 1 . The matrix element reads coincide with those of [17, 23] . In particular we have F V > 0, ε 0123 = −1, and the phases of V (with flavour contentqq ′ ) andB are such that
with positive f B , f ⊥ V . In the leading logarithmic approximation (LO) and to leading power in the heavy-quark limit, Q 7 gives the only contribution to the amplitude ofB → V γ.
The matrix elements of the four-quark operators Q i (and of Q 8 ) start contributing at O(α s ). In this case the factorization formula becomes nontrivial. The diagrams for the hard-scattering kernels T (14) is given by the form factor from (15) and the hard-scattering kernels T I i . The latter are calculable functions of m q /m b , where m q is the mass of the internal quarks in the loop diagram. For the second term in (14) , where the spectator quark is involved, we need light-cone distribution amplitudes (wave functions) for B mesons and light vector mesons. In the case of the B meson we have to leading power [16, 20] 
with n = (1, 0, 0, −1), chosen to be parallel to the 4-momentum of the vector meson. The functions Φ 1,2 (ξ) describe the distribution of light-cone momentum fraction ξ = l + /p + of the spectator quark with momentum l inside the B meson.
Here light-cone components of four-vectors v are defined by
The wave functions are highly asymmetric with ξ = O(Λ QCD /m b ). They are normalized as
The first negative moment of Φ B1 (ξ), which will be needed below, can be parametrized by a quantity
InB → V γ decays the vector meson is transversely polarized. The leadingtwist and leading-power distribution amplitude for light vector mesons with trans- verse polarization, Φ ⊥ , is defined by
Here and in the following we use the short-hand notation
for light-cone variables.
The light-cone wave function Φ ⊥ has an expansion in terms of Gegenbauer polynomials C 3/2
where
(5x 2 − 1), etc. The Gegenbauer moments α ⊥ n (µ) are multiplicatively renormalized. They vanish logarithmically as the scale µ → ∞. In this limit Φ ⊥ reduces to its asymptotic form Φ ⊥ (v) = 6vv, which often is a reasonable first approximation. The remaining leading-twist light-cone wave functions for light vector mesons, Φ , g There are further mechanisms that can in principle contribute toB → V γ decays. One possibility is weak annihilation, depicted in Fig. 5 . In this case the leading-power projection onto the meson V in (22) vanishes, because the trace over an odd number of Dirac matrices is zero. A non-vanishing result arises from the projector which, however, is suppressed by one power of Λ QCD /m b compared to (16) , (22) for transverse polarization
. This results in a corresponding power suppression of weak annihilation. The dominant contribution comes from the diagram shown in Fig. 5 . Here the photon is emitted from the light-quark constituent in the B meson, which leads to a quark propagator scaling as 1/Λ QCD . This is in contrast to the remaining three possible diagrams with a quark propagator ∼ 1/m b . The latter contributions are therefore even stronger suppressed, ∼ (Λ QCD /m b ) 2 relative to the leadingB → V γ amplitude. Despite its power suppression, the dominant annihilation amplitude can be computed within QCD factorization. This is because the colour-transparency argument applies to the emitted, highly energetic vector meson in the heavyquark limit [16] . A similar observation was already made in [25] . On the other hand, we disagree with the claim made in this paper that the O(α s ) correction to Fig. 5 would vanish identically in the chiral limit and to leading-twist order. This claim is based on the observation that the projector in (22) gives zero when applied to a current with an odd number of Dirac matrices. However, by the same argument, the diagram in Fig. 5 would vanish even at leading order in α s , which is not the case. The proper treatment of the O(α s ) correction should employ the subleading-power projections related to the wave functions Φ , g
⊥ [17, 24] , corresponding to the use of (25) at O(α 0 s ). This correction has not yet been computed, but we see no a-priori reason to expect a vanishing result.
Since weak annihilation is a power correction, we will content ourselves with the lowest order result (O(α 0 s )) for our estimates below. In particular, we shall include the annihilation effects from operators Q 1,2 to estimate isospin-breaking corrections in B → ργ decays. The reason for including this class of power corrections is that they come with a numerical enhancement from the large Wilson coefficients C 1,2 (C 1 ≈ 3|C 7 |) and are not CKM suppressed. Instead, a CKM suppression of annihilation effects occurs for B → K * γ and these contributions are thus very small in this case.
Finally, Fig. 6 displays the remaining diagrams with a power suppression. The penguin-annihilation diagrams (left) are power suppressed in a way similar to the ordinary annihilation topologies. The spectator diagrams from Q 8 (right) lead to amplitudes that are either manifestly power-suppressed (photon emitted from the quark line in the upper right), or that are superficially of leading power, but vanish when the leading-order projections are performed (photon emitted from either of the quarks forming the B meson). Recall, however, that photon emission from the light-quark line from Q 8 is a leading-power effect (see Fig. 4 ).
In the case of B → K * γ the component of the Hamiltonian (4) proportional to λ u is strongly CKM suppressed (|λ u /λ c | ≈ 0.02) and has only a minor impact on the decay rate. It is essentially negligible, but will be included later on for completeness. Throughout this work we shall neglect the contribution from the QCD penguin operators Q 3 , . . . , Q 6 , which enter at O(α s ) and are further suppressed by very small Wilson coefficients. We note that to O(α s ) the matrix element of Q 2 is zero because of its colour structure. The amplitude forB → K * γ then reads (
The leading-order matrix element Q 7 is given in (15) with V ≡ K * . At subleading order in α s the matrix elements Q 1,8 need to be computed from the diagrams in Figs. 2 -4 . The result for the diagrams in Figs. 2 and 3 , which enter the hard-scattering kernels T I 1 , T I 8 , can be infered from [11] . In these papers the diagrams were computed to obtain the matrix elements for the inclusive mode b → sγ at next-to-leading order. In this context Figs. 2 and 3 represented the virtual corrections to the inclusive matrix elements of Q 1 and Q 8 . In our case they determine the kernels T I 1 and T I 8 . As required for the consistency of the factorization formula these corrections must be dominated by hard scales ∼ m b and hence must be infrared finite. This is indeed the case. Re-interpreted as the perturbative hard-scattering kernels for the exclusive process, the results from [11] imply
where C F = (N 2 − 1)/(2N), with N = 3 the number of colours, and 
Here we denote
We now turn to the mechanism where the spectator participates in the hard scattering.
To find the correction for Q 1 we compute the first diagram in Fig. 4 , using the light-cone projectors in (18) and (22) . We obtain
with
The hard-scattering function h(u, s) is given by
The function h(u, s) is real for u ≤ 4s and develops an imaginary part for u > 4s.
At small values of u it has the expansion h(u, s) = 1 6s
It is also regular for s → 0
The function h(v, s c ) is displayed in Fig. 7 . The correction to Q 8 from the hard spectator interaction comes from the second diagram in Fig. 4 . One finds
Re(h) Im(h) where
The gluons in Fig. 4 transfer a momentum of order µ h ∼ Λ QCD m b . Therefore we set α s = α s (µ h ) in (33) and (39). For our numerical analysis we shall use µ h = √ Λ h µ with Λ h = 0.5 GeV and µ = O(m b ). Finally, we can combine these results and write, including also the up-quark contribution,
where, at NLO
Here the NLO expression for C 7 has to be used, while the leading order values are sufficient for C 1 and C 8 . The explicit formulas for the Wilson coefficients can be found in [12] .
The scale dependence of the matrix element of Q 7 is reflected in the running of the product of b-quark mass and form factor which is explicitely given as
This dependence on the scale µ has to be taken into account when the residual scale dependence of physical quantities is investigated. From the amplitude in (41) the branching ratio is obtained as
For the decayB → ργ both sectors of the effective Hamiltonian have the same order of magnitude and have to be included. It is straightforward to translate the expressions from the previous section to this case. The amplitude can be written as
where a p 7 (V γ) is given in (42). The branching fraction becomes
The rate for the CP-conjugated mode B → ργ is obtained by replacing λ
We may then consider the CP asymmetry
A non-vanishing CP asymmetry appears at O(α s ) only. Expanding A CP in α s and using the improved Wolfenstein parametrization for the CKM elements we obtain
As we have discussed above, weak annihilation from the leading operators Q 1,2 contributes to theB → ργ amplitude only at O(Λ QCD /m b ), but is enhanced by large Wilson coefficients. These effects can be calculated in QCD factorization.
To lowest order in α s we obtain from the diagram in Fig. 5 , using the projection in (25)
Here
(evaluated in leading logarithmic approximation) and
in the heavy-quark limit, we note that The annihilation components are included in the decay amplitudes by substituting
The annihilation contribution for B − → K * − γ is similar to the one for B − → ρ − γ, with obvious replacements ρ → K * in b u . Its impact is very small for B − → K * − γ because of the strong CKM suppression of the up-quark sector. It will be included in our numerical analysis for definiteness. Within our approximations weak annihilation gives no contribution toB 0 →K * 0 γ. We conclude this section with a few general remarks on the role of power corrections in B → V γ decays. Let us first repeat that the annihilation effect from operator Q 1 gives a numerically important power correction, because it comes with a relative enhancement factor of |C 1 /C 7 | ∼ 3. This leads to a 30% correction in the amplitude of the charged mode B − → ρ − γ. Note that the parameter b u in (52), describing the generic effect of the annihilation term, is only about 10%, which is consistent with a Λ QCD /m b correction of canonical size 1 . In contrast to nonleptonic modes with pseudoscalar mesons in the final state, no chirally enhanced power corrections from the light-cone expansion of meson wave functions arise in our case. Finally, power corrections can also come from the loop effects with up-and charm quarks, whose leading-power contributions were computed in (33) . These power corrections correspond to the region of integration where the gluon becomes soft, that isv = O(Λ QCD /m b ). Their contribution is nonperturbative and cannot be calculated in the hard-scattering formalism. Nevertheless, the expression in (33) can be used to read off the scaling behaviour of these power corrections in the heavy-quark limit. For the charm loop the kernel approaches a constant ∼ m 
It is interesting that we thus recover the power behaviour of soft contributions in the charm sector first pointed out in [27] . This was discussed for the inclusive decay b → sγ in [27, 28] and for the exclusive mode B → K * γ in [29] . Numerically this correction is very small (∼ 3% in the decay rate). A similar consideration applies to the up-quark sector. In this case the endpoint behaviour of the kernel is singular (38), which now leads to a linear power suppression of the form Λ QCD /m b . This coincides with the scaling behaviour derived in [28] in the context of the inclusive process.
In view of these remarks, we see no indication for large uncalculable power corrections. Further studies on this issue are desireable, but would go beyond the scope of the present analysis.
Phenomenology
In this section we present numerical results for various observables of interest for the phenomenology of B → V γ decays, based on the NLO QCD expressions derived in this paper. Our choice of input parameters is summarized in Table 1 . Our default choice for the CKM angle γ is 58 deg.
We begin with the numerical result for the NLO QCD coefficient a 
We note a sizable enhancement of the leading order value, dominated by the T Itype correction. This feature was already observed in the context of the inclusive case in [11] . A complex phase is generated at NLO, where the T I -corrections and the hard-spectator interactions (T II ) yield comparable effects. The net enhancement of a 7 at NLO leads to a corresponding enhancement of the branching ratios, for fixed value of the form factor. This is illustrated Taking the sizable uncertainties into account, the results for B → K * γ in Table 2 are compatible with the experimental measurements in (2) and (3), even though the central theoretical values appear to be somewhat high.
The direct CP asymmetry, which is substantial for the ργ modes, is much less dependent on the form factors. Here the largest theoretical uncertainty comes from the scale dependence. This is to be expected because the direct CP asymmetry is proportional to the perturbative strong phase difference, which arises at O(α s ). Unknown power corrections could have some impact on the prediction. B → ργ also depends sensitively on fundamental CKM parameters, such as |V ub /V cb | and γ, and can thus in principle serve to constrain the latter quantities once measurements become available. This is further illustrated in Figs. 9 and 10, where the dependence on γ is shown for B(B − → ρ − γ) and A CP (ργ), respectively. Further interesting observables are the isospin breaking quantities
Within our approximations, isospin breaking is generated by weak annihilation. Isospin breaking was already discussed in [30] , partially including NLO corrections. Our results, including the power-suppressed annihilation effects at leading order in QCD, together with the complete NLO expressions at leading power, are displayed in Fig. 11 . We remark that our sign of ∆(ργ) differs from the one found in [30] . Another application of our results concerns an estimate of U-spin breaking effects in B → V γ decays. U-spin symmetry, the symmetry of strong interactions under exchange of d and s quarks, has been advocated as a tool to control hadronic uncertainties in tests of the Standard Model [31, 32, 33] . Defining the quantity ∆B(B → K * γ) + ∆B(B → ργ) ≡ 0 (61) in the limit of U-spin symmetry and within the Standard Model. This has been discussed in [31] and was considered in more detail in [32] . Using our expressions and central values for all parameters we find
where we have chosen the CKM angle γ = π/2, which maximises the effects. The two quantities indeed have opposite signs, but their sum only partly cancels, leaving a U-spin breaking remainder of −3 · 10 −7 . This effect is almost entirely due to the difference (F K * − F ρ ). For form-factor values different from those in Table 1 , the U-spin breaking effect would approximately be rescaled proportional to (F K * − F ρ ). For our choice the sum of the two asymmetries in (61) is of the same order of magnitude as the individual asymmetries. This example quantifies the limitations of the relation (61) as a Standard Model test. 
Conclusions
In this paper we have discussed a systematic and model-independent framework for the exclusive radiative decays B → V γ based on the heavy-quark limit. This allowed us to compute the decay amplitudes for these modes consistently at nextto-leading order in QCD. An important conceptual aspect of this analysis is the interpretation of loop contributions with charm and up quarks, which come from leading operators in the effective weak Hamiltonian. We have argued that these effects are calculable in terms of perturbative hard-scattering functions and universal meson light-cone distribution amplitudes. They are O(α s ) corrections, but are leading power contributions in the framework of QCD factorization. This picture is in contrast to the common notion that considers charm and up-quark loop effects as generic, uncalculable long-distance contributions. Non-factorizable long-distance corrections may still exist, but they are power-suppressed.
Another important feature of the NLO calculation are the strong interaction phases, which are calculable at leading power. They play a crucial role for CP violating observables.
We have seen that weak-annihilation amplitudes are power-suppressed, but can be numerically important for B → ργ because they enter with large coefficients. These effects also turn out to be calculable and were included in our phenomenological discussion at leading order in QCD.
Finally, we have presented a numerical analysis of important observables, including the branching ratios of B → K * γ, B → ργ, and CP asymmetries and isospin-breaking in B → ργ decays (see sec. 5). Currently, the large uncertainties in the B → V form factors are still an important limitation, but the situation can be systematically improved. In particular, our approach allows for a consistent perturbative matching of the nonperturbative form factor to the short-distance part of the amplitude. Our formalism can also be applied to other radiative rare B decays, such as B s → V γ, V = φ, K * , or B d → ωγ (see e.g. [25] for a discussion of these modes).
The improved theoretical understanding of B → V γ decay observables strengthens the motivation for still more detailed experimental investigations, which will contribute significantly to our knowledge of the flavour sector.
